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Abstract

This paper investigates the change of wave field characteristics due to the presence of the
oscillating buoys of wave energy converters in the ocean. A general theory for devices of the
point absorber type, whose dimensions are much smaller than the incident wavelength, is
presented. To simplify the process of accounting for wave and body interactions, a small body
approximation is used, in which the diffracted wave field is neglected. The formulation for the
radiated wave is expressed with a plane wave approximation.

The theory is applied to a wave power concept called the Lysekil project, developed at Uppsala
University. Model simulations using data from this system were obtained with the boundary
element solver WAMIT. With the use of model output, the amplitude of the radiated wave and
the phase shift between the incident and radiated wave can be approximated. This enables
calculations of total wave amplitudes at arbitrary positions due to interference of the incident
wave and sum of radiated waves from multiple buoys. These findings can be used both to assess
environmental impact as well as to enhance the performance of wave farms. The dependence of
the amplitude on the distance between devices is shown for arrays of devices in regular
staggered grids. The difference between low and high values due to varying distance could be
considerable. Applied to a location for a future wave farm on the Swedish west coast, the
difference in wave amplitudes may be significant in terms of energy content available for
absorption at typical frequency of incident waves.
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1. Nomenclature

Symbol Quantity S I Unit
u velocity ms-1
m mass kg

O] velocity potential m2s-1
t time S

g acceleration of gravity ms-2
p pressure Nm-2
p density of seawater kgm-3
Y kinematic viscosity m2s-1
h water depth m

H wave height m

k wave number m-1

A wave length m

® angular frequency rads-1
T wave period S

C phase speed ms-1
Cg group speed ms-1
n surface elevation of wave m

Nro amplitude of radiated wave m

r distance from origin or between bodies m

® phase shift rad
Ep potential energy density per unitarea  Jm-2
Ex kinetic energy density per unit area Jm-2

] energy flux per meter wave front Wm-!
P power W

yA vertical position m

H complex valued transfer function -

F force N

Y damping coefficient Nsm-1
ks spring constant Nm-!



2. Introduction

This paper is a continuation of sorts to my bachelor thesis (Kalén, 2009), which probed what
possible effects the reduction of energy in the wave field due to wave energy converters could
have on the bottom friction. The system of conversion of wave energy to electricity applied in
that study was the wave power concept called the Lysekil project (Leijon et al., 2008 and
Engstréom, 2009), developed by the division for Electricity within the Swedish Centre for
Renewable electric energy at Uppsala University. The wave energy converter (WEC) of the
Lysekil project consists of a direct driven linear generator, located on the seabed, with a semi-
submerged buoy at the surface that absorbs the wave energy. The results using data from this
system was then applied to a future wave energy farm to be located outside of Smégen on the
Swedish west coast, planned by the Swedish company Seabased. In the present paper [ again
had the opportunity to cooperate with Jens Engstrom at Uppsala University and share his
knowledge and experience from the Lysekil project. The subject this time also regards the
impact of WECs but the question was how the presence of the oscillating devices could influence
the characteristics of the wave field.

Many efforts in design and optimization of wave energy devices have their base in the
hydrodynamic forces subject on the devices, found through the solution of an equation of motion
for the whole system. This is often carried out numerically with the use of commercial boundary
element codes. In these circumstances, the properties of the wave field itself are often not
considered. The aim of this paper is to gain understanding in how the wave field is changed by
the energy converters. If this change is significant, it could also possibly be an effect to include
when optimizing the performance of systems for energy conversion. In addition the results and
methods would be relevant for an environmental study concerning changes in the marine or
benthic environment caused by a wave energy farm. In (Kalén, 2009) the rate of reduction of
energy flux due to WECs could only be vaguely approximated. The tools presented in this study
would enhance the description of this effect.

3. Theory

3.1 Linear wave theory

Airy wave theory or linear wave theory can be used to express the propagation of surface gravity
waves in a homogenous fluid. Surface gravity waves created by the wind are the type of waves
that are relevant to the systems of conversion of wave energy to electricity described in this
paper. Other types of ocean waves such as tidal waves and internal waves are not considered
here.

The governing equations in the linear wave theory are the continuity equation:
L+V-(u) =0 (1)

and the Navier-Stokes equation
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where p is the density, u the velocity vector of a fluid element, P the pressure, f the external
forces of the fluid element and v the kinematic viscosity. Consider surface gravity waves of
constant form and period T propagating in the x-direction in an ocean of uniform depth h. The
wave-height H is small compared to the wavelength A. The linearization of the governing
equations and the introduction of a velocity potential ® yields the Laplace equation

VZp =0 (3)

The solution to (3), subject to three linearized boundary conditions, is a well known problem.
More details can be found in (Kundu, 2008).
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Figure 1. Surface wave definitions

If the surface elevation of the wave is assumed to be of the form
n(x,t) = gcos(kx — wt) (4)

where H is the wave height, k = 21 /A is the wave number and w = 2nf = 2n/T is the angular
frequency, the solution to the Laplace equation (3) will give the velocity component u for the
fluid element

Hw cosh k(z+h)
Uu=s——-——

SR cos(kx — wt) (5)

The dispersion relation is given by
w? = gk tanhkh (6)

The phase speed of the waveform, c = w/k then yields

- Ig — |94 2mh
c= ktanhkh = 27Ttanh 7 (7)

It can be shown that the energy of a wave does not travel with the phase speed, but with the
speed of the whole wave packet, the group speed, which is equal to



c 2kh
Cg = 5(1 * oo Zkh) (8)

Since sinh kh tends to infinity when kh >>1, the group speed for deep-water waves can be
approximated to

Cg = % 9)

The energy content of surface gravity waves consists mainly of mechanical energy, normally
measured in mean energy density per unit horizontal area. It is the sum of the potential energy
due to the displacement of the water surface and the kinetic energy due to the motion of the
fluid particles. In this context, the effects of surface tension and dissipation are negligible.

The total mean energy density per unit area is
1
E = E, + Ey = pg(n®) = ;pgH* (10)

where the variance of the sea surface displacement is denoted (n?) . The transmission of energy
due to wave motion is the pressure work done by the fluid. The mean energy flux per unit length
of crest is the mean value of the energy that is transmitted through a vertical section, integrated
over the whole depth:

] = (ffh pudz) = (ffhp’u dz) — pg f_Oh(u)z dz = (ffhp'u dz) (11)

where the pressure p is expressed as a sum of a perturbation pressure p” and a background
pressure -pgz. The perturbation pressure can be expressed as

;. pHw? cosh k(z+h)

p TR — cos(kx — wt) (12)

Substitution of (12) as well as the velocity component (5) into equation (11) then yields

] = %ngZ [%(1 + sinik:kh)] =E Cg (13)

Using the deep-water approximation (9) to apply the relation ¢; = g/2w, the mean energy flux is
found to be

_1 2.9 _ pg’TH?
]_8ng 20 321 (14)

3.2 Interaction between waves and bodies

The theory for the absorption of wave energy described in this paper is valid for wave-activated
bodies moving relative to a fixed reference at the seabed. The oscillating motions of the body are
induced by the incident waves. The theory does not apply to large devices with dimensions of
the same magnitude as the incident wave, such as the Pelamis (Caracas, 2003). Other concepts
for wave energy extraction such as oscillating water columns or overtopping devices are not



considered here. Examples of such systems are the Limpet (Falcao, 2000) and the Wave Dragon
(Kofoed et al.,, 2006). For a thorough outline of contemporary systems, see (Cruz, 2008).

3.2.1 Diffracted and radiated wave fields

A rigid body subject to incident waves moves in response to the force of the waves in six degrees
of freedom, defined as surge, sway, heave, roll, pitch and yaw, as shown in fig. 2.
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Figure 2. Body motions in six degrees of freedom. Image from (Newman, 1977).

In this paper, the body motions are restricted to heave only. When the term incident wave is
used, a propagating wave which can be described by (4) is meant. To further clarify notation,
this is not equivalent to a wave incident at a certain position, which can mean any type of wave
that is propagating towards this position. The amplitude of the wave is the maximal value of
vertical displacement experienced during a period T, whereas the surface elevation of the wave,
or wave elevation, is an instantaneous value. The presence of an oscillating body in an incident
wave field results in a diffracted and radiated wave field. The diffracted wave field arises when
the incident wave field is scattered on the body, which follows the motion of the incoming
waves. The amplitude of this disturbance is proportional to the dimensions of the body. Usually
the body is not exactly following the motions of the wave, but oscillates with a somewhat
different amplitude and phase. The displacement of the body relative to the wave surface causes
aradiated wave field. An illustration of this is shown in fig. 3.
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Figure 3. Wave fields due to oscillations. Panel a shows an undisturbed incident wave. Panel b
shows a body oscillating with the same frequency, amplitude and phase as the incident wave. Panel
¢ shows an oscillating body, which creates a radiated wave. For a body that oscillates with a
different amplitude or phase than the incident wave, the resulting wave field will be superposition
of b and c.

Now the above discussion will be defined in terms of mathematical expressions. For clarity and
ease of calculations, it is advantageous to use a complex notation. By the assumed linearity and
harmonic oscillation of the wave motions, the time dependence may be extracted. A complex
wave elevation #j can then be defined, where

n = Refe™t } (15)

is the time dependent real wave elevation. The total wave field due to the incident waves and the
presence and oscillations of the body in the incident wave field can, by the linearity of the
problem, be decomposed as

Mot = T +1q +1r (16)

where all quantities now are frequency dependent. Note that this decomposition is different
from the one often used for describing wave and body interactions via the hydrodynamic forces,
as in the theory behind the numerical solver WAMIT, which is described in chapter 4. The

—ikx

. A o . . . _H
diffracted wave field 7j; arises when incident waves with elevation 7j; = Se are scattered on

a body oscillating with the same frequency, amplitude and phase as the wave. The surface
elevation of the radiated wave due to the displacement of the body relative to the incident wave
is denoted 1}, . The vertical displacement z of the body from its equilibrium position can be
described by

where H(w) is a complex transfer function describing the amplitude response 2 of the body to
the incident wave. The displacement of the body relative to the wave is also an oscillation with
the complex amplitude



2—f;=(H-1)h; #0 (18)

The radiated wave elevation is proportional to the magnitude of the amplitude difference (18).

3.2.2 Energy extraction and wave field energy fluxes

For the body to be able to absorb energy there must be a reduction of the energy in the waves
that are passing the body or are being reflected from it. On the leeside of the body, energy levels
will be lower than on the side facing the incident waves. The wave that is radiated due to the
oscillatory motion of the device must reduce or cancel out the other waves, i.e. interfere
destructively. This can be realized if the generated waves oppose the incident waves. For a wave
to be generated, the frequency, amplitude or phase of the body motion must be different from
those of the incident wave. If the body oscillates with the same frequency, amplitude and phase
as the incident wave, a radiated wave cannot be created.

The condition for optimum extraction of energy in this case is that the radiated wave has the
same frequency but opposing phase compared to the incident wave. This means that the crests
of one wave coincide with the troughs of the other wave. This scenario is illustrated by the
resulting superposition of the two waves on the right side of fig. 4, where the elevation of the
sum of waves is smaller than that of the incident wave. The reduction of this total wave elevation
is proportional to the amount of energy absorbed by the device.

Incident wave Radiated wave Oscillating body

Figure 4. Energy absorption by wave interference. The total wave field would be a sum of the
radiated and incident wave (the diffracted wave field is neglected in this case). On the right side of
the body the sum is less than the surface elevation of the incident wave, which means that energy
has been absorbed by the body.

The difference in phase between the incident and the radiated wave will thus be an important
factor for the absorption of energy. The case of zero phase shift and equal amplitude and
frequency of the radiated and incident wave would physically correspond to a body with
negligible mass and damping following the incident wave exactly and therefore not generating
any waves. For a realistic energy absorber the phase shift depends on the inertia and damping of
the oscillating system and the geometry of the body.

Apart from the radiated wave field due to the relative displacement of the buoy, a diffracted
wave field is also created, as discussed above. This is the wave field that arises when the incident
wave is scattered on the surface of the body if it moves with the wave. If the dimension of the
body is large, it will act as a wave breaker and the diffracted wave field will contribute to the



properties of the total wave field. On the other hand, if the body dimensions are much smaller
than the incident wavelength, the diffracted wave field is negligible. This is called the point
absorber-, or small body approximation (Falnes, 2002). One of the goals of this paper is to
investigate if this assumption is valid when describing a wave field due to wave and body
interactions for an array of point absorbers. It is the quantity #j; in the expression for the total
wave field (16) that is subject to the small body approximation.

3.2.3 Flux of energy: an elongated body

How the absorption of energy depends on the difference in phase between incident and
generated waves can be shown in the following simplified example, outlined in fig. 5. Consider
an elongated body, connected to the bottom and floating on the surface, oriented perpendicular
to the incident wave field. The extension of the body in the x-direction is much smaller than the
incident wave length, which enables the small body approximation to be applied. The body
oscillates in heave only due to the force of the incoming waves. The oscillations generate waves
radiating away from each side of the body.

5 Ai Ar Ar Ai b
- < - -
y.
L X
a b
Incident wave Radiated wave Oscillating body

< ......

Figure 5. Simplified case of elongated body oscillating in heave. The subscript i denotes incident
wave and the subscript r denotes radiated wave. Note the positions x = a to the left and x = b to the
right.

If the perturbation pressure and the velocity are decomposed in parts due to the incident and
the radiated waves, the mean energy flux per unit length of crest over one period (11) can be
written as

J = %IOT f_oh(pl.' + p, ')(ul- + ur)dZdt (19)

where the energy flux now is a vector quantity, as indicated by the bold typeface. This flux is
positive for the positive x-direction. The perturbation pressure and the horizontal velocity
component due to the incident waves, denoted by a subscript i, are given by (12) and (5). On the

9



left side of the body, at the position x = a, the radiated waves will propagate in the opposite
direction of the incident waves. The velocity component due to the radiated wave can here be
expressed as

cosh k(z+h)

Uy = —Npgw —_—=~—cos(—kx — wt + @) (20)

where 10 is the amplitude of the radiated wave and @ is the phase shift between the incident
and radiated waves. The contribution to the excess pressure is

. _ nyopw? cosh k(z+h)
Pro=""% sinh kh

cos(—kx — wt + @) (21)

The negative signs of the kx terms and the whole of (20) are caused by the negative propagation
direction of the radiated wave. With the use of some algebra and the dispersion relation (6), the
mean energy flux is evaluated as

Jo = 52 (H? = 4nf) (22)

where the group velocity c; is given by (8). The energy flux is not dependent on the phase shift
when the waves propagate in opposite directions. For the mean energy flux to be directed
towards negative x, o would have to exceed H/2, the amplitude of the incident wave, as shown
by (22).

Now consider the right side of the body in fig. 5, the position x = b. Here the whole expression for
the velocity component (20) will be positive. The term -kx in the cosine argument is changed to
kx, which likewise holds for the perturbation pressure (21). The resulting mean energy flux (19)
now becomes

pgc
Jp = =5 % (H? + 4Hny9cos¢ + 4nfo) (23)

The phase shift of the radiated wave is now one of the factors controlling the flux of energy. If
there is a difference in energy flux between position b and position g, it equals the amount that is
generated by the body, given by

pgc
Jp —Ja == (4Hn,cos + 8nfp) (24)

A negative value of (24) means that energy has been absorbed by the body. The destructive
interference is maximized as the difference in flux (24) is minimized, which occurs for a phase
shift of ¢ = m, as given in the left panel of fig. 6. Note that this is the phase shift between the
incident wave and the radiated wave and not the oscillation of the body.

10
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Figure 6. The left panel shows the difference in mean energy flux for varying phase shift ¢ and
amplitude nr. The right panel gives the difference in mean energy flux for varying amplitude 1o
with the phase shift ¢ =m. Values used are H=2m and w = 1 s-.

The right panel of fig. 6 shows how the total mean flux varies with the amplitude n.o when the
phase shift ¢ is set to . The mean flux is minimized at a value of 1 of approximately H/4.
Energy is absorbed when the change in energy flux between a and b is negative. This is the case
for 1o less than H/2 , i.e. when the radiated wave amplitude is smaller than that of the incident
wave. For the body to generate a wave with amplitude larger than the incident amplitude, an
external energy source would be needed. The difference (24) increases if 1.0 exceeds H/2, as
shown by the dashed line in the left panel of fig. 6.

3.2.4 Circular waves

Consider a point absorber operating in heave only. With the small body approximation applied,
only the incident and radiated waves are important. The body oscillates in heave in response to
the incident wave. If the body does not exactly follow the surface of the wave, it will create a
radially propagating wave, shown in fig. 7. Due to the linearity of the problem, the period of the
incident and radiated waves are equal.

Figure 7. An oscillating point absorber radiating circular waves in response to incident waves.

11



In order to continue this discussion it is necessary to find an expression for circular propagating
waves. One way to accomplish this is to solve the Laplace equation (3) for cylindrical
coordinates. This leads to a Helmholz equation in the variables r and 6, which can be solved by
Hankel functions. More details on this procedure are given in (Falnes, 2002). Another approach
is to solve the wave equation in cylindrical coordinates (Sparr, 1999). Both solution methods
give an expression for the amplitude that is proportional to r-1/2 for r that is large compared to
the wave length.

This task is greatly simplified by the use of a plane wave approximation. For large distances
away from the body, the curvature of the circular radiated wave is locally small, which allows it
to be approximated by a plane wave, outlined in fig. 8.

Figure 8. Plane wave approximation. Locally, the curvature of the wave front decreases as the
distance r increases.

The condition for the plane wave approximation to be applicable is that kr >> 1, where r is the
distance away from the body and k is the wave number (Mclver, 1984). However, it has been
shown to be a good approximation in terms of power absorption even for values of kr
approaching 1 (Mavrakos and Mclver, 1997).

Using the plane wave approximation one can begin from the solution of the Laplace equation for
a plane wave and modify the expression for the surface elevation (4) to be valid for a circular
wave. If an ideal fluid without losses is assumed, the radiated power through a circle with radius
r must be constant as the waves propagate radially with increasing r:

P =]2nr (25)

Inserting the equation for mean energy flux (14) into (25) gives

_ pg’TH?
P = e 2nr (26)

and from the relation between the wave height and the surface elevation (4) follows that

n « % asr - o (27)
More strictly, it is the radiated part of the decomposed velocity potential that, besides solving
the Laplace equation with boundary conditions, must fulfill a radiation condition. More details
on this and the so called Sommerfeld radiation condition can be found in (Dingemans, 1997). It
is convenient if the amplitude has the dimension length, so by the use of the wave number k, an
expression for the surface elevation of a propagating circular wave can be written as

12



N, = %cos(kr — wt + @) (28)
where 10 is the wave amplitude and ¢ is the phase shift between the incident and radiated
waves.

3.2.5 Flux of energy: a point absorber

To calculate the mean energy flow through a circle at the distance r from the origin, the source of
the radiated wave, the perturbation pressure and the velocity are decomposed in parts due to
the incident and the radiated waves as in (19). The velocity component due to the radiated
circular wave, directed away from the point absorber, now reads

__ Nro  cosh k(z+h)

Uy Vkr sinh kh

cos(kr — wt + @) (29)

and the contribution to the excess pressure is

. Tyo pw? cosh k(z+h)

Pr = VEr k sinh kh COS(kT‘ —wt+ (P) (30)

The velocity can be decomposed according to fig. 9, where x =r cos 8 and y = r sin 6.

Ai

Figure 9. Velocities due to incident and radiated waves.

The mean energy flux per unit length of crest over one period can now be written as

)= (0, Jy) (31)
where

Je =2y 20 + P ) + 1, cosB)dzdt (32)
and

Jy = 2 fy [5G + pr ) sind)dzdt (33)

By the use of (32), (33) and the dispersion relation, the x- and y- components can be evaluated
as

13



pgH%c 0 P9Cq (H H r
J, = Tg 3—_‘; ’ g (5 cosfcosy + - cosyp + 3%6059) (34)
_ Myo PYCy ﬂ . N0 o
Jy === (2 sinfcosy + —WSlnB) (35)

where the cosine argument {r = k(rcos0 - r) - ¢. To calculate the mean total power P through a
circle with radius r, (31) is integrated from 6 = 0 to 2m, shown in fig. 10. The positive direction of
the flux is defined as outwards away from the center. Note that ] is not necessarily directed
perpendicular to the circle here.

Figure 10. Integration of the energy flux around a circle.

The total mean power through the circle is then given by
P = [y -m)rdo=[(J,cos0+],sin6)rdo (36)

which, after some manipulation, is found to be

pgcgH? (npoVkr [ (2 2 2, 41,02
P=—1 (%( ) " cos?Ocosy dO + Jo " cosBcosy db + Js " sin%0cosy d@) + %) (37)
The three integrals in (37) are best solved numerically. This expression can be non-
dimensionalized by dividing with pgc,H2/4k . Results using numerical integration are given in
fig. 11. The value of the total power is minimized if the value of ¢ is 31/4, as shown in the left
panel of fig. 11. If the power is negative, it means that the flux is directed inwards to the body

and the power is then available for absorption.

14



o =8m/d
60 T T T T T T T T 10 T T

P/ (pgch%)
P/ (pgch2f4k)

O p\:”ti p\:f2 3pli.fli pli Ep}fd 3plif2 7pli.fli zL.i o 01 03 03 07 o5 08 07
i [rad] g
Figure 11. The left panel shows non-dimensionalized total power for varying phase shift ¢ and

amplitude nr. The right panel gives the same quantity for varying amplitude n,y with the phase
shift set to ¢ = 3m/4.

The right side of fig. 11 shows how the total mean power depends on the quota n./H when the
phase shift @ is set to 31/4. A value of 1o of approximately H/5 minimizes the total mean flux in
this case. The total mean power (37) can be given as

P =2 (4 () + 5 (%)) 38)

where the sum of the integrals in A is a function of ¢ and B = 4m. If the radiated wave is very
small compared to the wave height, (nr0/H)? will be much smaller than no/H. In this case the
total mean power can be approximated by

H
=220 Ang (39)

p 4k

3.2.6 Wave amplitudes for an array of point absorbers

The aim of this section is to investigate how several point absorbers interact and contribute to
the characteristics of the total wave field and energy content. Consider two point absorbers at
position (x1, y1) and (xz, y2), placed at a distance

r2 = v (g —x1)% + (v, —y1)? (40)

from each other, shown in fig. 12.

15
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Figure 12. Two point absorbers oscillating in response to incident and radiated waves.

Once again both the small body- and plane wave approximations are applied. The total wave
field will now depend on the incident wave and the two radiated waves, created by the
oscillations of the two bodies. In describing this, a complex wave elevation # , where

n = Re{et } (41)

is the time dependent real wave elevation, is used. The surface elevation of the wave that is
radiated from buoy number 1 can be written as

i, (r) = ﬁi(xl:)’ﬂz%@_i(krﬂp) (42)

where j; (x4, y1) is the total incoming wave field at buoy 1 and nois the radiated amplitude
caused by an incident wave with amplitude 1 m and phase shift zero. The total wave field can be
expressed with the system of two linear equations

i (e, 1) = ge_ikxl + ﬁi(xz,yz)z;roe—i(kﬁzﬂﬂ)

Vkriy

A _H —ikx A N0 ,—i(kriz+e)
1 (x2,¥2) = Se T Wl(xl,%)me 12 (43)

The linear system states that the total wave elevation at position 1 is a sum of the elevation from
the incident wave at position 1 and the radiated wave from position 2. This can also be
expressed in matrix form as

1 Ap ﬁl] [bl]
L= 44
[AZI 1 |19, b, (44)
A x =5b

where the vector b contains the incident wave elevations and the matrix A the radiated
elevations. The radiated elevations are identical since ri2 equals rz1. The total wave elevation at
each position is then given by x = A-1b. The linear system can be expanded to an arbitrary
number of absorbers. For an array of n bodies, (44) takes the form
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With the use of (45), the wave elevations incident at all point absorbers in an array can be
determined. It is thus possible to describe the wave field at an arbitrary position.

3.2.7 Relation between buoy movements and the radiated wave field

The generator of WEC of the Lysekil project, explained more in the next chapter, is a linear
damper whose force is proportional of the velocity of the translator. The converted power is
dependent on this force and the velocity according to

P=F%=_y (g—f)z (46)

where Fy is the generator force, y is the damping coefficient and dz/0t is the vertical velocity of
the translator as well as the buoy. The vertical displacement of the translator and buoy can be
expressed as

z(t) = |H| gcos(kx —wt+§) (47)

where H is the transfer function describing the amplitude response of the buoy to the incident
wave, as described in 3.2.1, and & denotes the difference in phase between the motion of the
buoy and the incident wave. The mean converted power over one period is

1 (T (02>
P=1fy(Z) at (48)
By using the time derivative of (47), the mean converted power can be evaluated as
_ 1o a2 (F)
P=y?|Al" (3) (49)
The approximation for mean power (39), derived in 3.2.5, is

P =" () (50)

where A is a function of . If the deep water approximation is applied to the group velocity c,g
and the wave number k in (50), the radiated amplitude n.ocan be given as

s Hy|A)?

Mo = @2 —"5r (51)

This means that the radiated amplitude is expected to be dependent on the angular frequency to
the power 5.
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4. Methods

The aim was to investigate how the characteristics of the wave field that arises in the interaction
between heaving buoys of wave energy converters and an incoming wave influence the energy
content. In order to do this, the phase shift ¢ between the radiated and incoming waves, as well
as the amplitude of the radiated wave 10 must be determined. In this context it is also
interesting to test the validity of the small body approximation.

Data from the WEC of the Lysekil project (Leijon et al., 2008) was used. A model simulating a
heaving point absorber connected to a viscous damper and a spring in the generator has been
developed. The forces active in this model is shown on the right side of fig 13.

; J 8m Fe Fr Fh
T — | z=0
3m
Rope
25m End stop
8m Stator

Translator . Fg
Springs %
Figure 13. Left side shows an overview of the WEC of the Lysekil project (©0.Danielsson). Right
side shows the forces dominating the model simulating the system.

The generator is modeled as a linear damper and thus the force is directly proportional to the
velocity of the translator:

F= vy (52)
where y is the damping coefficient. A spring is attached to the translator acting as a restoring

force. This mechanical force is proportional to the displacement of the system from its
equilibrium position:

E, = —ksz (53)
where ks is the spring constant. The equation of motion for the whole system is

9%z

m_
ot2

=FR+E+F+E, +FE (54)

where m is the total mass of the moving parts, which are the buoy and the translator. F. denotes
the excitation force, F, the radiation force and Fy the hydrostatic restoring force. The excitation
force is the force experienced by the body if it were held fixed in its mean position in the incident
wave field. The radiation force corresponds to the force upon the body due to its own
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oscillations in the absence of incident waves. More details on the hydrodynamic forces are given
in (Mei, 1989 and Falnes, 2002).

The radiation and excitation forces were determined using the Boundary Element Method code
WAMIT. It is a three dimensional panel program that solves the radiation and excitation
problems by using Green’s theorem to derive integral equations for the velocity potentials on
the body boundary. For further details on solutions of boundary value problems with the use of
Green’s functions, see (Newman, 1977). Data from a WEC tuned to be working efficiently in the
wave climate of the Swedish west coast was used as input for WAMIT, given in table 1.

Table 1. Data for the hydrodynamic model solved using WAMIT.

Total moving mass | Buoy diameter | Buoydraft | Spring constantks | Damping coeff.y

7037 kg 5m 0.3 m 4 kNm-1 60 kNsm-!

The incident wave height was set to H = 2 m and calculations were carried out for five angular
frequencies w = 2, 1.5, 1, 0.75 and 0.5 s-! of the incident wave. This is equivalent to the
wavelengths A =15, 27, 62, 110 and 247 m respectively. The WEC was modeled to be centered in
a field of the size 500 x 500 m with a resolution of 1 m. The WAMIT model runs were performed
by Jens Engstrom at Uppsala University.

Results from the WAMIT runs are given as complex excited and radiated wave fields with
corresponding transfer function H, described in section 3.2.1. As mentioned earlier, the
terminology here differs from that used in this paper. The excited wave field WAM is the
resulting wave field if a buoy is held fixed in an incident wave field. The radiated wave field
WAM;.qis the result of a buoy oscillating with the same phase and amplitude as the incident
wave but on a surface without an incident wave. The total wave field in terms of WAMIT output
is

7,’}tot = WAMex + H WAMrad (55)

In the terminology of this paper, the diffracted wave field is the disturbance caused by a buoy
moving with the same amplitude and phase as the incoming wave. In this case the total wave
field can be found from (55) by setting H = 1 and the diffracted wave field is therefore

ﬁd = WAMex + WAMrad - ﬁi (56)

: . o L. H : o
in which the incident wave elevation is 7; = Se ikx The radiated wave field is caused by the

displacement of the buoy relative to the incident wave. This can be written as

2 —1;(0,0) = (H - 1)#;(0,0) (57)

From this follows that the radiated wave field can be described as
A = (H—=1)WAM,qq (58)

Now one can see that the expression for the total wave field from section 2.2.1
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ﬁtot = ﬁi + ﬁd + ﬁr (59)

is equivalent to (55). For a small buoy, the diffracted wave field is assumed to be very small. This
assumption will be tested in the next section.

5. Results

5.1 Validity of the small body approximation

Used on bodies with dimensions much smaller than the incident wavelength, the small body
approximation deems the diffracted wave field negligible, implying that the quantity 7%, can be
omitted in (59). To test the validity of this assumption, the diffracted and radiated wave fields
resulting from the WAMIT runs were compared. The quantity compared was the absolute value
of the complex wave elevation 7, equivalent to the maximum real elevation 1 over one period.
Mean values of the absolute value of # over the whole field of 500 x 500 m are given for the
three incident frequencies in table 2.

Table 2. Mean absolute value of the complex wave elevations 1j, and 1; over a 500 x 500 m field
for five angular frequencies of the incident wave.

Angular frequency [s1] Mean radiated | 7, | [m] Mean diffracted | 7j4 | [m]
0.5 2.3- 104 1.4-105
0.75 2.4-103 1.7 - 104
1 7.1-103 45104
1.5 3.1-10-2 2.6 - 103
2 3.4-10-2 8.0-103

The results give that the mean elevation from the diffracted wave is one order of magnitude
smaller that of the radiated wave. Compared with the incident wave field, with amplitude of 1 m,
the diffracted wave field is at least three orders of magnitude smaller. The use of the small body
approximation can thus be justified in this case.

5.2 Phase shift and amplitude of the radiated wave

The incident and radiated wave were plotted over a time series and their properties were
compared. The expression for the complex surface elevation of the radiated wave (58) was used
in

n, = Re{fi, e} (60)

to obtain the time dependent real radiated wave. By comparing the radiated wave field
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Ny = %cos(kr —wt + @) (61)
along the line r = x with the incident wave, the radiated amplitude 1 and the phase shift ¢
between the incident and radiated wave could be found. Values for x must here be sufficiently
large for the plane wave approximation to be applicable. The sign of ¢ will be positive if there is
a time lag between the moment when the body is elevated by the incident wave and the moment
when the circular wave is generated by the oscillation of the body. The phase shift and radiated
amplitude for the respective angular frequencies are given in table 3.

Table 3. Phase shift ¢ and radiated amplitude n. for five angular frequencies of the incident wave.

Angular frequency [s1] Phase shift ¢ [rad] Amplitude 1o [m]
0.5 0.45-2m 0.0004

0.75 0.41-2m 0.003

1 0.41-2m 0.01

1.5 0.44 - 2m 0.08

2 0.45-2m 0.25

There is not much difference in phase shift between the three frequencies. The mean value of ¢
can be approximated to 5n/6. This is a slightly higher value than the theoretical value for
maximum absorption with respect to wave interference, which in section 3.2.5 was found to be
3m/4. If the angular frequency of the incident wave increases, the radiated amplitude also
increases. This means that the amplitude of the circular radiated wave is proportional to the
speed of the heaving oscillation of the buoy.

2
g et
=]

Figure 14. Log plot of w versus nr0/|ﬁ|2. The line shows theoretical values according to (51) in
section 3.2.7. The five circles are the values from the WAMIT runs.

Shown in fig 14 is the quota nr0/|ﬁ|2 for varying values of angular frequency. The conclusion of
the theory in section 3.2.7 is that the radiated amplitude may be proportional to the angular
frequency to the power 5. The correlation between the angle of the line, showing theoretical
values from equation (51) and the circles showing the values from the WAMIT computations is
good. The assumption of proportionality to the power 5 then seems reasonable. Although only
five values are used here, this result supports the presented theory.
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5.3 Wave field for two point absorbers

With the phase shift and radiated amplitude found with the use of the WAMIT runs, the total
wave field due to the incident and radiated waves, according to the theory in section 3.2.6, could
be determined. Two cases are given for a field with two point absorbers. Two different
configurations of the positions, denoted (x1, y1) and (x2, y2), of the WECs are given. Firstly, in line
with the incident waves and, secondly, perpendicular to the incident waves, which are coming
from the left. With w = 1 s-1, the resulting wave fields on an area of 500 x 500 m for a distancer =
50 m between devices is shown in the contour plots of fig. 15. The square of the absolute value of
the complex wave elevation 1j, equivalent to the real amplitude, is given, since this will by (14)

be proportional to the energy content. The value of kr is approximately 5 in this case, thus the
condition kr >> 1 for the plane wave approximation to be applicable is fulfilled.

Mg (M2 0 =15",r=60m Ml (M) 0= 15", r=50m

1.02
1.01
1

0.99
0.98
0.97
0.96
0.95

Figure 15. Square of the amplitude for two fields with two absorbers, with the incident waves
coming from the left. Device 1 positioned at (x3, y1)=(0,0). On the left panel, device 2 is located at
(x2,y2)=(50,0) and on the right panel at (x, yz)= (0,50), giving a distance r = 50 m in both cases.
Angular frequency of the incident wave w =1 s-1.

As expected, the left side fig 15 shows that the amplitude is smallest on the leeside of device 2
for the in line positioning. The perpendicular positioning results in identical wave fields on the
leeside of both devices, as shown by the right panel of fig. 15. The two other angular frequencies
give similar wave fields, although with larger elevation for w = 1.5 s-t and smaller for w = 0.75 s-L.
If the distance r between the absorbers is varied, the resulting wave field will change. Shown in
fig. 16 are the squares of the sums of the amplitudes incident at (x1, y1) and (x2, y2) for the two
above configurations. This sum consists of the amplitudes of the incident wave and the radiated
wave from the other device. Results are shown for varying r and incident angular frequency w =
1s
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Figure 16. Square of the total amplitude incident at (x1, y1) and (xz, y2) given for the two cases of
configuration for varying distance between devices r. The left panel shows the in line positioning.
The right panel shows the perpendicular positioning, where the amplitudes of the two waves are
equal. Angular frequency of the incident wave w = 1 s-1.

As seen in fig. 16, the variation of the amplitude for device number 1 in the in line configuration,
shown to the left, oscillates with a frequency approximately 2 times higher than the amplitude of
both devices for the perpendicular configuration, shown to the right. By the linearity of the
problem, the amplitudes for the two other frequencies also follow this pattern of oscillations. For
the perpendicular configuration, amplitudes for both devices are equal for all r. The incident
wave length is 62 m in this case. Low values are experienced when r is equal to approximately a
multiple of the wave length. This can be explained by the phase shift ¢ = 51/6 between the
incident and the radiated wave. The radiated wave is almost in counter phase with the incident
wave and thus the destructive interference is largest for these values. The reverse is true for
values of r equal to a multiple of half the wave length, where high wave elevation values occur
due to positive destruction. As r goes to infinity, both amplitudes tend to one for each of the two
cases.

5.4 Wave field for arrays of point absorbers

For wave energy conversion using point absorbers to be profitable, several converters must be
employed in a whole farm. The total energy absorption of the whole farm is then an important
factor to optimize. First an example of an array with 7 WECs is given. The devices are arranged
in a regular staggered grid of three rows, made up of 6 equilateral triangles, shown in fig. 17.
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Figure 17. Regular staggered grid with 7 WECs.

Each row of absorbers remove power from the waves and thus there is less power left on the
leeside. The absorption by the first row results in less power available for consecutive rows. But
this does not change the fact that the distance between devices can be set to maximize the
amplitude of the wave field with respect to wave interference. In this case there are 7 radiated
waves interacting with the incident wave. The linear system of section 3.2.6 now contains 7
equations. The resulting wave field for an area of 500 x 500 m for a distance r = 50 m between
devices is shown in the contour plot of fig. 18
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Figure 18. Square of the amplitude for a field with an array of 7 absorbers, with the incident wave
coming from the left. The distance between devices r = 50 m.

In a small area on the leeside of the array, the square of the amplitude is approximately 0.95.
This is by (14) equal to a loss of 5 % of the incident wave energy. If the angular frequency of the
incident wave is set to = 0.75 and 1.5 s-1, this ratio will be approximately 2 % and 15 %
respectively. To judge the effect of the variation of the distance between devices on the whole
array, the mean of the square of the amplitudes incident at all of the 7 devices, is given in fig. 19
for varying r. The amplitude at (x4, y1) is a sum of the amplitudes of the incident wave and the 6
radiated waves from the other devices. A mean is then taken for this wave amplitude at the 7
different positions, given for varying r.
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Figure 19. Mean of square of the amplitudes incident at all devices, for an array with 7 devices at
varying distance between devices r. Angular frequency of the incident wave w = 1 s'L.

Figure 19 shows that the lowest and highest values are approximately 0.97 and 1.01. This
amounts to a difference in mean energy content of 4 % of the wave field incident at the devices.
Figures for w = 0.75 and 1.5 st are 1 and 30 % respectively. Significantly contributing to this
difference are the low values experienced when the ratio between the distance and the incident
wave length r/A is approximately 1.1. In fig. 19 this occurs at a distance r = 69 m, since the wave
length is 62 m in this case. This can, as discussed in the preceding chapter, be attributed to the
phase shift, which equals 5m/6.

To apply the computations on a realistic case, the grid is now expanded to an array of 420 WECs,
approximately the size of the farm planned by the company Seabased to be located outside of
Smogen. The grid, again composed of equilateral triangles, consists of 12 rows with 35 devices in
each row, oriented perpendicular to the incident waves, shown in fig. 20.
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Figure 20. Regular staggered grid with 420 WECs.

Using a distance r = 50 m between devices, the dimensions of the grid is approximately 500 x
1700 m, giving an area of about 0.8 kmz2. The linear system of 420 equations is solved and the
resulting wave field is shown in the contour plot of fig. 21, with incident frequency w =1 s-L.
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Figure 21. Square of the amplitude for a field with an array of 420 absorbers, with the incident
wave coming from the left. The distance between devices r = 50 m.

In the whole area on the leeside of the farm, the square of the amplitude is reduced to
approximately 0.9. This is equal to a loss of 10 % in energy content due to the whole farm. For a

lower angular frequency, this loss will be less significant and vice versa. The frequency w =1 s-1
is close to the value that will contribute the largest amount of energy transport on a yearly basis
at the site outside of Smogen (Waters et al,, 2009). The variation of the wave elevation for
different r, just as in the example with 7 devices but this time for 420 devices, is given in fig. 22.
Mean values of the square of the maximal wave elevations incident at all devices are shown here.

mean lnhal|2

Avrray with 420 devices , m =1 5!

o
w
il

=
o

085

s

075

20

. . . . .
B0 80 100 120 140 160 180 200
rim]

mean qu]hatl2

First and Last row of array with 420 devices , @ =1 s

1051

=] =]

m = o

o =] i
T T T

=]
o
T,

075

\"1(1 f\
PR L;

"
\1 I| 1’\1“\"";

20

L L L L L
40 60 a0 100 120 140 160 180 200
rim]

Figure 22. Mean of square of the amplitudes incident at all devices for an array with 420 devices
at varying distance between devices r shown in the left panel. The right panel shows mean of
square of the amplitude incident at the devices of the first and last row of the array. Angular
frequency of the incident wave w = 1 s-L.

The highest value 1.01 occurs at the distance r = 187 m, while the lowest value 0.76 is for r = 70
m. For the lowest value, both the first and last row experiences their minima. This difference in
wave elevation corresponds to a difference in energy content of 25 % at the waves that are
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incident at the devices. The minimum value occurs for all three frequencies when the ratio r/A is
approximately 1.1, just as in the preceding example with 7 devices.
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Figure 23. Square of the amplitude for a field with an array of 420 absorbers, with the incident
wave coming from the left. The distance between devices r = 79 m.

In the contour plot of fig. 23, another example of a wave field is shown. The distance between
devices is now 79 m, for which a high mean value occurs according to fig. 22. The square of the
amplitude is this time reduced to approximately 0.93, equivalent to an energy loss of 7 %. A
larger area around the array is plotted which reveal some interesting effects in the wave field,
such as the X-shape to the right of the farm. It is unfortunately beyond the scope of this paper to
interpret such phenomena. If there is a large distance between the farm and the coastline, there
is greater possibility for the wind to put more energy into the waves, and thus make up for the
loss due to the wave farm. From an environmental aspect this would be positive, but the costs of
transferring the electricity to the shore would be higher.

6. Discussion and conclusions

Methods to describe the effects on the wave field due to interaction effects between the
oscillating buoys of wave energy converters have been developed in this paper. The influence of
the phase shift between the radiated waves and the incident wave on these effects has been
shown. Further important factors found were the amplitude of the radiated wave, as well as the
distance between the devices employed in an array. With the use of these methods, a model
describing the wave field at an arbitrary position in an area surrounding an array of wave
energy converters was developed. The results could be useful when assessing the impact of a
wave energy farm on the marine and benthic environment. The reduction of energy in the wave
field may lead to changes in the area surrounding the farm as well as the coastline. For a location
with energetic seas and a high rate of sediment transport, a modification of energy levels could
possibly have large effects.

A large part of the papers cited in this thesis regard the subject of enhancement or optimization
of the energy absorption of WECs. In this complex task, aimed at single devices or arrays of
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devices, several control parameters and restrictions must be considered. The results in this
paper indicate that the constructive or destructive interference of wave amplitudes at different
spacing of an array may be a parameter to consider. The difference in the wave energy incident
at all the devices of a large array due to different spacing distances could be significant. Applying
a typical frequency at a real location to the case of the array with 420 devices of the Lysekil
project type, choosing an inappropriate spacing distance could possibly correspond to a
substantial loss of power. A conclusion is that a distance between devices that is the same as a
typical wave length is probably best avoided, if a system with the same characteristics as the one
discussed in this paper is to be used.

A relevant question is how well hydrodynamic models using linear wave theory describe the
behavior of wave energy absorbers in the real ocean. (De Beule et al., 2009) performed
laboratory tests to validate the modeling of point absorbers with linear theory both in the time
and frequency domain. It was concluded that that the linear theory models are in good
accordance with experimental results regarding power absorption. Modeled results from the
Lysekil system using linear theory were compared with experimental data from a prototype
WEC by (Eriksson et al., 2007). The results show that the linear model is well suited to simulate
wave-buoy interactions.

In this paper the body motion is restricted to only one degree of freedom, which is heave. This
approximation is probably realistic, since the interactions between the heave mode and the
other modes are very small (Falcao et al., 2007 and Falnes, 2002). The small body- or point
absorber approximation was found to be justifiable. Other authors have reached the same
conclusion in circumstances with long waves and wide spacing between devices (Mavrakos and
Mclver, 1997 and Ricci et al,, 2007). The plane wave approximation gives good agreement with
more exact methods, provided the large spacing condition is not violated, as shown by
(Mavrakos and Mclver, 1997 and Mclver, 1984).

One way to improve the findings in this paper would be to apply the computations to
polychromatic and irregular waves. This could possibly give a more realistic description of how
different spacing between the devices influence energy content.
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